It is well-known that H°° + C on the unit circle is a closed subalgebra of L°°(T), and Rudin proved the (H°° + C)(T 2 ) is a closed subspace of L°°(T 2 ) but it is not an algebra. The multiplier algebra M of (H°°+C) (T 2 ) is determined. Using this charaterization, we study Bourgain algebras of type H°°+C on the torus T 2 and the polydisk U 2 . Both Bourgain algebras of H°°+C and M on the torus coincide with M. We denote by M the space pf Poisson integral of functions in M and CT* (U 2 )
MULTIPLIERS AND BOURGAIN ALGEBRAS OF H°° + C ON THE POLYDISK

KEIJI IZUCHI AND YASOU MATSUGU
It is well-known that H°° + C on the unit circle is a closed subalgebra of L°°(T), and Rudin proved the (H°° + C)(T 2 ) is a closed subspace of L°°(T 2 ) but it is not an algebra. The multiplier algebra M of (H°°+C) (T 2 ) is determined. Using this charaterization, we study Bourgain algebras of type H°°+C on the torus T 2 Let U 2 be the 2-dimensional unit polydisk and let T 2 be the torus. We denote by H°°(U 2 ) the space of bounded holomorphic functions in U 2 and by H°°{T 2 ) the space of radial limits of functions in H°°(U 2 ). Then H°°(T 2 ) is an essential supremum norm closed subalgebra of L°°(T 2 ), the usual Lebesgue space with respect to dθdψ/(2π) 2 (see [12] ). Let denote by C(X) the space of continuous functions on a topological space X. The algebra ,g G C(T 2 )} is a closed subspace of L°° (T 2 ) but it is not an algebra. On the unit circle T, it is well known that (H°° + C)(T) is a closed subalgebra of L°°(T) [14] . Let M be the space of multipliers of {H°° + C) (T 2 ) , that is,
M = {/GL°°(T 2 ); f.{H°° + C)(T 2 ) C (H°° + C){T 2 )}.
Then Λ4 is a closed subalgebra of L°° (T 2 ). Since constant functions are contained in (H°°+C){T 2 ), M C (fΓ°°+C) (T 2 where P re u{e iθ ) = (1 -r 2 )/(l -2r cos(* -θ) + r 2 ). Then / G C°°{U 2 ). In Theorem 2.1, we give a characterization of a function in Λ4, and we prove that M coincides with the space of functions / in H°° (T 2 ) such that the Poisson integral / can be extended continously on U 2 \T 2 . By this fact, Λ4 becomes one of the interesting subalgebras between A(T 2 ) and H°° (T 2 ). The purpose of this paper is to investigate the multiplier algebra Λ4. For a closed subalgebra A with A{T 2 ) C A C iT°°(T 2 ), A + C{T 2 ) is a closed subspace (see the proof of [13, Theorem 2.2] ). In Theorem 2.2, we give a necessary and sufficient condition on A for which A + C(T 2 ) becomes an algebra.
In [4] , Cima and Timoney introduced the concept of Bourgain algebras. Let X be a commutative Banach algebra with identity and let y be a closed subspace of X. A sequence {f n } n in y is called weakly null if F(f n ) -» 0 for every bounded linear functional F of y. For / G X, put IIZ + D^I = -gW aey}.
Let y b = {/ E X; \\ffn + y\\ -> 0 for every weakly null sequence{/ n } n in y}.
Cima and Timoney proved that y b is a closed subalgebra of Af, and they called y b the Bourgain algebra of y relative to X. If y is an algebra, then y C DV We shall write J4& for (y b ) b . We also write 34(n) for Qfyn-i)^ and y b (o) = y-We call 3^6( n ) the n-th Bourgain algebra of y.
In [1], Cima, Janson and Yale proved that H°°(T) b = (H°° + C)(T) relative to L°°(T).
In [7] , Gorkin, the first author and Mortini studied the Bourgain algebras of closed algebras B between H°°(T) and L°°(T), and they proved that {H°° + C){T) h = {H°° + C){T) and B b = B bb relative to L°° (T) . On the torus, we have H°°{T 2 ) b = H°°(T 2 ) relative to L°°(Γ 2 ) (see [9, Corollary 1] ). Since (H°° + C) (T 2 ) is not an algebra, we can not expect that (H°° + C){T 2 We note that the Bourgain algebra (H°°+C)(dB n ) b has not been determined yet, where B n is the n-dimensional ball, n > 2 (see [9] ). These are studies of Bourgain algebras on the boundaries.
In [2], Cima, Stroethoff and Yale proved that H°°(U) b = H°°{U) + C(U) = (H°°{T) b )~ + C 0 (U) relative to C^iU), where H°°(T) b is the Bourgain algebra relative to L°°(T).
It is proved in [11] that H°°(U) b = H°°(U) bb . In Section 4, we study Bourgain algebras relative to C°° (U 2 )δ&. We also prove that
In Section 5, we study the n-th Bourgain algebras relative to C°°(U 2 ).
But to our great surprise, the higher Bourgain algebras of M. are all distinct. Actually we prove
for every n > 0.
) are similar to each other in their forms, but we can prove that
for every n > 1.
In [9] , the first author gave the conjecture that Λ b = Λ bb for every closed subalgebra Λ with A(T 2 ) C Λ C H°° (T 2 ). This conjecture is still open, but Λ^ί gives a counterexample for the same kind of problem on the polydisk.
In Section 6, we study Bourgain algebras of the polydisk algebra A(U 2 ) relative to C°°(U 2 ). Some properties are similar to ones of .M, but some properties are different from Λ4. The Bourgain algebra of the disk algebra was studied in [3] .
As a summary, we have the following about Bourgain algebras. .
For the sake of simplicity, we discuss on T 2 and U 2 . Using the same ideas of this paper, we can get the same results for T n and C/ n ,n > 2. To determine Bourgain algebras of various spaces Af, the key is that if we want to prove / ^ X b , how to prove it. We need to choose a weakly null sequence {fn}n in X such that \\ff n + X\\ does not converges to zero. How to choose
Multipliers of {H°° + C)(T 2 ).
As mentioned in the introduction, (H°° + C)(T 2 ) is a closed subspace of L°°(T 2 ), but is not an algebra. In this section, we study the multiplier algebra M of (H°° + C){T 2 ). The following is a trivial fact. and as n -> oo. Hence n,k=0
We can rewrite / as the following forms;
where 
where ϊ n {f) is the Poisson integral of I n (f) G H°°(T). First, suppose that / G ΛΊ. By Theorem 2.1, J n (/) G A(T). Since ll^n(/)|| τ ^ ll/llτ 2 by Lemma 2.2, f(z,w) is continuous on Ϊ7 x {tt;; \w\ < r} for every 0 < r < 1. Hence / can be extended continuously on U x U. By*t he same way as above, / can be extended continuously on U x U. Since 2 ) and G n eM for every n > 0. Since ^(T 2 ) C Λ / -F n G ^ and
Hence A is *-invariant. 
M + C(T 2 ) is a closed subalgebra of L°°(T 2 ).
Bourgain algebras on the torus.
In this section, we study the Bourgain algebras relative to L°°(T 2 ). We shall prove the following theorem. (
The following corollary follows the above theorem.
Corollary 3.1.
To prove our theorem, we need some preliminary observations. For / E L°°(T 2 ), we have f(z,w)\ < ||/|| τ2 and f{z,w) is harmonic in z E U for each fixed w E U. We denote by f(e iθ ,w) the boundary function of the function f(z, w) in z E U. Then and />,^) = / * f{e iθ ,w)P z {e iθ ) dθ/2π. Jo By the same way, we have f(z, e^) E L°°(T) for each fixed z eU.
Proof (i) and (ii) follow from [12, p. 18] . We note that if / E C(T 2 ) then / can be extended continuously to U 2 . (iii) follows from Corollary 2.
D Let M(H°°(T)) be the space of nonzero mulitiplicative linear functionals of H°°{T). With the weak*-topology, M{H°°(T)) becomes a compact Hausdorff space and is called the maximal ideal space of H°°(T). It is well known that the open unit disk U is a dense open subset of M(H°°(T)). We identify a function / in H°°(T) with its Gelfand transform. Then H°°(T) becomes a sup-norm closed subalgebra of C(M(H°°(T))), the space of continuous functions on M(H°°(T)) (see [8]). For λ € T and / € H°°(T), let
M X (H°°(T)) = {x
By the same way, we can define M(L°°(T)) and M λ (L°°(T)). We can consider that M λ (L°°(T)) C M X {H°°(T)). Since every continuous function on T is constant on each M λ (ϋΓ°°(T)), for a non-continuous function / in H°°(T) we have (for example, see [9, Lemma 1])
(1) sup{α> 0 (/,λ);λ€T}/2 < ||/ + C(Γ)|| Γ < sup (ω o (/,λ); λ 6 Γ}.
Here we See the right hand side strict inequality briefly. 
Since / £ C(T), we have ||/ + C(T)\\ T Φ 0. Since ||/ + C(T)\\ T is the quotient norm of / € H°°(T) C L°°(T) in L°°(T)/C(T), there exists an extreme point μ in the unit ball of (L°°(T)/C(T))* such that \\f + C(T)\\ τ = \μ(f)\. We can identify μ with the Borel measure on M(L°°(T)) such that f M ( LoO ( T^ g dμ = 0 for every g € C(T). Since μ is an extreme point, there exists λ £ T such that Mχ(L°°(T))
The following lemma is a key to prove Theorem 3.1. 
Lemma 3.2. Suppose that f E H°°(T 2 ) and I k (f) £ A(T) for
Proof. By Lemma 2.6, I k (f) E H°°(T). Since
I k (f) i A(T), I k (f) £ C(T) r #0. Let Γ = M(H°°(T)) x {w; \w\ < r}.
Since /,-(/) € H°°(T) for j > 0, we consider that Ij(f) is a continuous function on M(H°°(T)). For each ζ € M(H°°(T)) and w € U, we have
,
ζeM(H~(T)) and ti; EC/ ;) is a continuous function on Γ, and
This means that the function
converges uniformly on Γ. Hence for each fixed ζ in M(H°°(T))
We note that
Hence for each fixed w 0 with \w o \ -r,
, is the Gelfand transform of/(e^5^o).
By our starting assumption, /&(/) ^ ^4(T). Hence by (1) there exist points
Ci and C2 in M X {H°°(T)) for some λ € T such that
Recall the elementary fact that for an analytic function ]C^L 0 a n^n on U,
Then we have < sup
by (2) )l by (3) and (6) by (5).
Hence there exists w 0 with \w o \ = r such that
Therefore by (4) we have
Hence by (1),
This completes the proof.
•
The following is a characterization of a weakly null sequence in the space of continuous functions, and it is a direct corollary of the Lebesgue dominated convergence theorem. The following lemma is given in [6] (see also [9] ). By considering a sequence of peaking functions, we have the following lemma.
Lemma 3.5. For a function f in L°°(T) with f φ 0, there exists a weakly null sequence {h n } n in H°°(T) such that \\fh n + C(T)\\ τ does not converge
to 0 as n -> oo.
Proof We may consider that L°°(T) = C(M(L°°(T)))
by Gelfand transform. Since / φ 0, there is a point x 0 G M λ (L°°(T)) for some λ G Γ such that f(xo) Φ 0. Since one point set {x 0 } is not an open and closed subset of M X (L°°(T)) (see [8, p. 170 
By considering a subsequence, we may assume that there is a sequence of disjoint open subsets {U n } n of M(L°°(T)) with x n e U n . Since x n is a weak peak point for H°°(T) (see [8, p. 207 Proof of Theorem 3.1. We devide the proof into two steps.
Step
By the definition of the multiplier algebra Λ4 and Bourgain algebras, we have M C (H°° + C){T 2 )ij.
). To prove this, suppose not. Then by Lemma 2.5, I k (f) φ 0 or J k (f) φ 0 for some k < 0. We assume that I k (f) φ 0 for some k < 0. By Lemma 3.5, there is a weakly null sequence {h n (e tθ )} n in H°°(T) and there is δ > 0 such that \\I k (f)h n (e iθ ) + C(T)\\ T > δ for every n. By Lemma 3.6, {h n (e iθ )} n is weakly null in (H°° + C){T 2 ). By Lemmas 2.2-2.5, we have
This contradiction shows that / G H°°(T 2 ). Next we prove / G ΛΊ. To prove this, suppose not. By Theorem 2.1, we may assume that /&(/) ^ A(T) for some k > 0. By Lemma 3.2, there is a sequence {w n } n in U such that |tϋ n | -> 1, \w n \ k > 2/3, and
By Lemma 3.4, by considering a subsequence of {w n } n we may assume that there is a weakly null sequence {h n (e iip )} n in A(T) such that h n (w n ) = 1 for every n. Let b n (w) = (w -w n )/(l -w n w) be the Blaschke factor, and let } n in A(T) such that h n (w n ) = 1 for every n. By Lemma 3.6, {h n (e ι^) } n is weakly null in M. Then for /ι G M we have
by (8) . ) is a closed subalgebra of L°°(T 2 ). We have the following problem. Problem 3.1. 
H°°{U) b = H°°{U) bb = H°°{U) + C(U) = (H°°(T) b )~ + C 0 (U).
First we shall prove the following theorem of Bourgain algebras relative to C°°{U 2 ).
where A b is the Bourgain algebra relative to L°°(T 2 ).
Let / E C°°(U 2 ) and C G T 2 . If / has the radial limit lim r _»i /«), we denote it by f*(ζ). Proof. To prove / E C 0 (f7 2 ), suppose not. Then there is δ > 0 and there exists a sequence {(z ni w n )} n in U 2 such that (z n ,w n ) converges to a point in dU 2 and
(1) \f(z n ,w n )\ > δ for every n.
We may assume that \z n \ -> 1. By lemma 3.4 and considering a subsequence of {z n } n , we may assume that there is a weakly null sequence {Pn{e
Pn{z n ) = 1 forevery n. To determine the Bourgain algebra of a subspace of C°°(U 2 ) which contains C 0 (f/ 2 ), we need the following two lemmas to find a weakly null aequence. Lemma 4.3 (see the proof of Lemma 1 [7] ). Let B be a Banach space and K is a positive number. Let {f n } n be a sequence in B such that μC* =1 α n /n < K for every k and complex numbers a n with \a n \ = 1. Then f n is a weakly null sequence in B. Proof. This is essentially proved in [7, Theorem 2] . By considering a subsequence, we may assume that {z n } n is an interpolating sequence, that is, for each bounded sequence of complex numbers {a n } n there is a function h in H°°(U) such that h n (z n ) = a n for every n. By [5, p. 294] , there is a sequence {f n } n in H°°(U) such that f n (z n ) = 1 and f n (z k ) = 0 ifn^A;;
for some constant K.
71=1
We divide the set of positive integers into infinite disjoint subsets 
)(U 2 ). Consequently we get (i). By Corollary 4.1 and (i), we have (ii). D
We note that the proof of Proposition 4.2 actually proved the following proposition. 
Proposition 4.3. Let B be a closed subspace such that H°°(T 2 ) C B C
L°°(T 2 ). Let V be a closed subspace of C T *(U 2 ). Let f be a function in C°°(
Mi = {feC°°(U 2 ); f'(H°°(U 2 ) + C(U 2 )) c H°°(U 2 ) + C(U 2 )}.
Since constants are contained in H°°{U
. Now we have a following characterization of M\.
. By the definiton of the Poisson integral, it is not difficult to see that for c G C(Γ 2 ),
{fc-(fc) )(z n ,w n ) -> 0 as \z n \ -> 1 and \w n \ -> 1.
Since / G M, by Corollary 2.4 we have fc G Λ^ + C(T 2 ). Hence by Corollary 2.2, fc and (fc) can be extended continuously on
By the definition of Bourgain algebras, the multiplier algebra is contained in the Bourgain algebra. Therefore we have
Next we prove (H°°(U
We Then we have the following theorem.
The difficulty of the proof is to show
. To prove this, we need some lemmas. First we have the notation which will be used in Section 5. 6 , 
Higher Bourgain algebras on the polydisk.
In Section 4, we proved that
for every n > 1. In this section, we study the n-th Bourgain algebras 
Then / is an upper semicontinuous function on dU 2 . To describe (M + Co(U 2 )) h ( n ), we introduce new spaces C n (U 2 ).
Definition 5.2.
We denote by C n (ί7 2 ),n > 1, the space of functions / in C°°(U 2 ) such that for each δ > 0, there exists r, 0 < r < 1, and there exists £ G Λ n depending on δ such that {ζβ dV 2 
\ f(ζ) > δ} C U {£>(£, r);^E E}.
By the upper semicontinuity of /, we can see that the above definiton is equivalent to the following one. Definition 5.2'. We denote by C n (C/ 2 ),n > 1, the space of functions / in C°°(U 2 ) such that for each δ > 0, there exists E G Λ n such that 
;ξ E E} and / = 0 on T 2 . Since / is upper semicontinuous, {ζ E dU 2 ;f(ζ) > δ} is a compact subset of dί/ 2 \ T 2 . Hence for each ξ € E, there exists r ζ with 0 < r^ < 1 such that {C β dU
Therefore
We may assume moreover that 2 ;/(C) > <J} n (Z)(ξ,l) \D(ξ,r)) Φ 0 for every r with 0 < r < r^. We need to prove that sup{rξ;£ E E} < 1.
To show this, suppose not. Then there is a sequence {£ n } n in E such that Tξ n -> 1. Then there exists ζ n in 3ί7 2 such that
/(&)>* and ζ n €D(ξ,r ξ )\D(ξ,(l+r ξ )/2).
Let ζo be a cluster point of {Cn}n Then we have . Since each element E in Λ n is a closed subset of T, U{D(ξ, r); £ E £"} is a closed subset of dU 2 . For a closed subset F of dt/ 2 , it is not difficult to find a function / in C°°(U 2 ) such that / = XF 5 the characteristic function for F on dU 2 . Since Λ n φ Λ n+1 , we have
for every n > 0. Now our theorem is the following.
/or every n > 0. Proof. Let {£"}" be a sequence in F such that £ n -> ξ 0 for some £ 0 € T. We may assume that ξ n = (e i9 ",0), ξ 0 = (e iθo ,0), and θ n -> θ 0 . By our assumption, there is a point w n in U with \w n \ < r such that
Let w 0 be a cluster point of {w n } n .
Then \w o \ < r, and by the upper semicontinuity of /, Here we have |2 n w n | < 1 and \z n w n \ -> 1. By Lemma 4.4, there is a weakly null sequence {gk}k in H°°(U) such that
By the proof of Corollary 2.1, we have G k G M. Since Since c^. G W, by our assumption limn^oo c k (z n ,w n ) = 0 for each fc. Now we have ) and let {fk}k be a weakly null sequence in M. Then {/fejjfe is sup-norm bounded. We may assume that (6) ll J < 1 for every A;.
Since f k G M, by Corollary 2.2 we may consider that f k is a continuous function on U 2 \ T 2 . Since / G C n+1 (E/ 2 ), / = 0 on T 2 . Then by Lemma 5.1 (i), (7) (ffk)'(ζ) = |Λ(C)I /(C) for C G dU 2 .
Let ^ > 0 arbitrarily. Put Since / € C n+ i(ϊ7 2 ), there exist E G Λ n+1 and r, 0 < r < 1, such that
is a finite set. Let By (7) and (11), there exists k 0 depending on δ such that (12) (//*)" < (5/2 on D for every k > k 0 .
Hereafter we assume k > k 0 . Let
Then B k is a closed subset of U 2 . We denote by B k the closure of B k in U 2 . By (6), we have (14) B k C {r/€ί/ 2 ; \f(η)\ > δ}.
By (8) and (14),
By (12) and (13),
It is not difficult to find a function p in C°°(ί7 2 ) such that (10) and (24), E o Π £"*<"> = 0. Therefore
is a finite set and E o € Λ n . By (25), we get (21). Now we have 
for n > 0. Next we shall prove that
First we shall prove that
). Let g e (M+C n (U 2 )) b . By Lemma 4.2, there exists the radial limit g* a.e. on T 2 and g* e M h . By Theorem 3.1, we have g* e M. To prove g-(g*)~ G C n+I (ί7 2 ), suppose that g -(g*) ^ C n+ i(ί7 2 ). We shall lead a contradiction. We put
). 
) and let {f n + c n } n be a weakly null sequence in M + C T *(U Since {/ n + c n } n is weakly null, (37) (/n + Cn)(0fc) ^0 (n->oo) for each fc.
Since / = 0 on T 2 , (/(/ n + c n ))" = 0 on T 2 . Therefore by Lemma 4.5 (iii), -> 0 (n -> oo) by (35), (36), and (37).
Then by Lemma 5.6,
Hence / G (Λ< + C τ *{U 2 )) h . Thus Λ1 4-H^(C/ 2 ) C (M + C τ2 (i7 2 )) 6 . 
Bourgain algebras of the polydisk algebra.
In [9] , the first author dertermined the Bourgain algebra of the disk algebra A(T) relative to L°°(T). Succeedingly in [3] , Cima, Stroethoff and Yale determined the Bourgain algebra of the disk algebra A(U) relative to C°°(U). In this section, we briefly study the Bourgain algebras of the polydisk algebra.
Let X be the maximal ideal space of L°° (T 2 ). We may consider that L°°(T 2 ) = C(X) by Gelfand transform. For λ = (λ^λa) G T 2 , we put
For / G L°°(T 2 ), let
Definition 6.1. We denote by V(T 2 ) the space of / G L°°(T 2 ) such that {λ G Γ 2 ;α;o(/, λ) > e} is a finite set for every e > 0. In [9, Corollary 1], the first author proved that
for every n > l relative to L°°(T 2 ). First we have the following proposition. Proof. Let / G {H°°C\V) (T 2 
To prove the results in Section 5, we only used the following properties of M, (a) M is a closed subalgebra of L°°(T 2 );
(c) for every / in M, f can be extended continuously on U 2 \ T 2 ; (d) for a sequence {ζ n } n in U 2 such that ζ n converges to some point in T 2 , there exists a weakly null sequence {#*}* in M such that {ζ n ; \gk(ζn)\ ^ 1} is an infinite set for each k.
By ( Proof First, by induction we constract a sequence of functions {Fj}j in A(U 2 ) satisfying some additional conditions. Let Γ = {ζ n } n and ζ n -> λ for some λ G T 2 . Since {λ} is a peak point for A(U 2 ) (see [12, p. 132 Continue these processes succeedingly. As a result, we can get sequences {F n } n in A{U 2 ), {ξ n } n in Γ, and open subsets {V n } n of C/ 2 , we put V o = U 2 , such that (4) λ e V n+ι C V n and f) V n = {λ}; (5) ξ n e F n _ΛK; (6) ll^llp, < 2;
|F n (e n )| > 3/4; by (5) and (7) . By the same way as the construction of the families {Λ n } n of closed subsets of T, we can define the families {Γ n } n of closed subsets of T 2 . Let Γ\ be the set of finite subsets of T 2 . Consider that the empty set is contained in I\. Let Γ n be the set of closed subsets E of T 2 such that E d G Γ n _i-We have the following definition which is similar to Definiton 5.2'.
Definition 6.1.
We denote by C' n (U 2 ),n > 1, the space of functions / in C°°(U 2 ) such that for each δ > 0, there exists E G Λ n such that {C e at/ 2 ; f(ζ) > δ} C U {D{ξ, 1); ξ G E} and {C G T 2 ; f(ζ) > δ} G Γ n . Then C' n (U 2 ) C C; +1 (C/ 2 ) and C' n (U (ii) (A(U 2 ) + C 0 (U 2 )) b{n) φ (A(U 2 ) + C 0 (C/ 2 )) 6 (n + i) for every n > 0. ) + C τ *(U 2 )) b{n+1) for every n > 0.
We leave both proofs of Theorems 6.3 and 6.4 for the reader. The ideas to prove these are the same as the ones used in the proofs of Theorems 5.1 and 5.2. Theorem 6.4 (ii) is an interesting fact which contrasts with Theorem 5.2.
